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Inventories and international trade

[My notes are in beta. If you see something that doesn’t look right, I would greatly appreciate a heads-up.]

We have seen that firm growth in the foreign markets (and aggregate growth) is slow-moving.
It takes time to ramp-up trade. In contrast, during big devaluations (and recessions), import
volumes crash and the extensive margin accounts for much of this. In devaluations, firms just
stop importing. Import prices devalue fast, but retail prices are much slower.

Big question: Can a model with import lags and fixed costs of importing (which will generate
inventory holding) account for the implosion of imports following a devaluation?

These notes follow “Inventories, lumpy trade, and large devaluations” by Alessandria, Kaboski,
and Midrigan. (Alessandria, Kaboski, and Midrigan, 2010)

1 Data
The paper lays out evidence for three facts that they claim standard models cannot match or do
not take into account.

1. International trade frictions are more complex than icebergs and fixed costs.

(a) International trade suffers delivery lags. Hummels (1999) finds 2–6 week lags by ship
versus 1 day in the air. About 70 percent of trade with developing countries is by sea.
World Bank Doing Business surveys find customs processes adds 2–5 weeks.

(b) There is a fixed component to transaction costs. Fixed shipping costs are about 10
percent of median shipment value (2 percent of average shipment value).

2. Firms hold inventories, and imported or exported goods are held in larger quantities.

(a) Importers tend to hold larger inventories. Run a regression of inventory/materials
ratio of firm j on imports as a share of material purchases and exports as a share of
shipments.

ijt = c+ αmsmjt + αxs
x
jt + ejt (1)

Control for a bunch of stuff. Find αm to be around 0.15 and significant. Implication is
that non-importers will hold about 2.5 months worth of inventories and a firm that only
imports materials and exports its production would hold 7.5 months of inventories.
Holds in data from Chile, the United States, India, Peru, Colombia,. . .

3. International trade is “lumpy.”

(a) International transactions are bigger than domestic transactions. Hall and Rust (2003)
study micro-data from a steel broker: import transactions are 50 percent larger than
domestic.

(b) International transactions are infrequent. Mean time between orders: 205 days for
imports versus 100 days for domestic (Hall and Rust, 2003). U.S. export shipments to
Argentina (or Russia) are observed about every other month. About 80 percent of a
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year’s trade is accounted for by the top three months by trade volume. These numbers
are much smaller for trade to Mexico—a country much closer to the United States.

2 The toy model
The economic order quantity (EOQ) model is a simple inventory model that you would learn in
an undergraduate operations research class. Alessandria, Kaboski, and Midrigan (2010) build a
more complex version of this model.

In the EOQ model, we consider a retailer who purchases a good and resells it. There is no uncer-
tainty and no shipping lags. The goal is to minimize the total cost over some period of time, say a
year,

min
Q

TC = PD +
D

Q
f + h

Q− 0

2
(2)

where D is quantity demand for the good in the period, P is the wholesale price, Q is the size of
an order from the wholesaler, f is the shipment fixed cost, and h is the cost of holding inventory.

• D/Q is the number of orders in the year so that D
Qf is the total fixed costs paid.

• Q−0
2 is the average holding of inventories between the time a new order arrives and all the

inventory is sold. Q−0
2 h is total inventory holding costs.

The first order condition is
h

2
=

D

Q2
f. (3)

Making Q larger means that you hold more inventories, which costs more (the left-hand side of the
equation). Making Q larger decreases the number of shipments you need to make, which lowers
the ordering costs you pay (the right-hand side of the equation). The solution is

Q =

√
2Df

h
. (4)

The order size is decreasing in h (would want smaller inventories) and increasing in D and f

(would like fewer orders).

The number of orders is n = D/Q and the order frequency is

freq =
1

n
=

√
2f

hD
(5)

The solution is a sawtooth pattern of inventories. The firm makes an order when inventories are
zero. If there was a one period lag, the solution is to order when inventory is at D units. This leads
to greater average inventories.

I am working on a jupyter notebook for this. . .

3 The model
Alessandria, Kaboski, and Midrigan (2010) build a more complicated EOQ model by adding de-
livery lags and uncertain demand. The model is
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1. Partial equilibrium: This is a firm decision problem

2. A retailer is monopolistically competitive firm that imports a good at price ω, marks it up,
and sells it at price p

3. There is a fixed cost f to importing and a one period lag

4. There is a cost to holding inventories of δ

Consider a firm j. It faces stochastic demand

yj(η
t) = eνj(η

t)pj(η
t)−θ (6)

which is CES demand with a shifter eνj(η
t). The authors use the “eta” notation for uncertainty.

At time t, a event occurs, ηt. A history is a sequence of events up to and including t: ηt =

(η0, η1, . . . , ηt). A history traces a path down a tree.

The demand shock νj is i.i.d. over time and firms, which will make the model easier to solve.

Let sj(ηt) be the beginning of period stock of inventory. The one-period lag on orders says that a
firm cannot sell more than its inventory

qj(η
t) = min[eνj(η

t)pj(η
t)−θ, sj(η

t)] (7)

The law of motion for inventories is

sj(η
t+1) = (1− δ)[sj(η

t)− qj(η
t) + ij(η

t)] (8)

where ij(η
t) is the order of more goods. Note that they are assuming goods depreciate in transit.

This is a simplifying assumption.

3.1 Bellman equations

The value of adjusting is

V a(s, ν) = max
p,i>0

q(p, s, ν)p− ω × i− f + βEV (s′, ν ′) (9)

The value of not adjusting is

V n(s, ν) = max
p>0

q(p, s, ν)p+ βEV (s′, ν ′) (10)

i = 0 (11)

subject to the law of motion (8) and the stock out rule (7). The value of the firm is

V (s, ν) = max[V a(s, ν), V n(s, ν)]. (12)

3.2 Optimal policies

Solving the value functions generates policy functions for pricing pa(s, ν) and pn(s, ν), order size
i(s, ν), and the discrete choice over making an order ϕ(s, ν).
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1. Conditional on adjusting inventories, the inventory level is determined by

ω = β(1− δ)EVs(s
′, ν ′) (13)

When adjusting, you set the expected, discounted marginal value of a unit of inventory Vs

equal to the marginal cost ω. The discount is because the inventory does not show up until
tomorrow and the δ is because there is depreciation in route.

Since ν is iid, conditional on adjusting, you always choose the same inventory level. This is
the straight line at 6 in Figure 2.

2. The decision to adjust is in Figure 2. The threshold slope upward: firms with high demand
will sell more and need to adjust make an order for higher levels of beginning inventories.

3. Pricing is interesting. In general, pricing is a constant markup, but not over the replacement
cost. Instead, it is a markup over the marginal value of a unit of inventories. This will not be
constant. Given a realization of ν we have

p =
θ

θ − 1
Vs(s, v) (14)

Note the s subscript on the V and no primes on s and ν. Look at Figure 3. There are three
regions

(a) When inventories are very low, the firm will be making an order, so it prices to com-
pletely stock out. The price is just an inversion of (6): p = (s/ν)−1/θ

Once inventories are high enough to avoid a stock out, the firms carries over invento-
ries, so now the condition is

p =
θ

θ − 1
β(1− δ)EVs(s

′, ν ′). (15)

When the firm does not stock out, but the firm will need to adjust its inventories, then
the firm prices p = µω. This follows from (13). This is the flat part of the price curve.

(b) The middle section of the figure is best understood from right to left. Exactly at the
optimal inventory level we again have Vs = ω. As the inventory falls, Vs > ω because
an extra unit of inventory decreases the probability of having to order and pay the fixed
cost. The closer we get to the order threshold, the more valuable a unit of inventory
becomes. Once we hit the reorder threshold, the price discretely jumps to ω. [The
downward slope is because of depreciation.]

(c) The right side of the figure is when the firm has too many inventories. This occurs
when the firm had a series of low demand shocks. In this case, the firm lowers its price
below ω to move units and save the depreciation.

4 Calibration
We worked out the problem for a single retailer. Now assume there are a continuum of retailers
who are all atomistic.
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• Period is one month: delivery lag of one or two months in the data

• β = 0.941/12 for a 6% annual interest rate

• δ = 0.025 Richardson (1995)

• θ = 1.5

Demand shocks are ν ∼ N(0, σ2). Still need to estimate σ2 and f . Do it to match two facts from
the Chilean data. Want 1) HH index to be 0.44 and 2) inventory to purchases ratio to be 0.36.

Find σ = 1.15 and f = 0.095. f is in units of median firm per-period revenues, or 3.6 percent of
average import shipment size.

The standard deviation is high. The authors attribute this to capturing other kinds of uncer-
tainty, which sounds reasonable. Kahn and Thomas (2007) also find that stockout avoidance is
not enough to generate the large inventory holdings we see in the data.

4.1 The tariff equivalent

What iceberg cost would an importer take to remove the delay in shipment and the fixed costs of
shipments?

V f (τ) = max
pt

∞∑
t=0

(pt − (1 + τ)ω) eνtp−θ
t (16)

Find the τ such that

V f (τ) = EV (0, η) (17)

and find that τ = 0.20. This is roughly

0.36︸︷︷︸
i/purchases

× 0.03︸︷︷︸
monthly carry cost

×12 + 0.036︸ ︷︷ ︸
fixed costs?

+0.03︸︷︷︸
lag?

= 0.196 (18)

4.2 Firms that do not import

Drop the lag to 1/2 month. Recalibrate f to so that frequency of domestic-firm orders is twice that
of importers. See table 5. The order fixed costs falls from 0.095 to 0.025: almost a factor of 4.

Inventory-sales ratios falls to 0.21 (from 0.36), in the same ballpark as the 50 percent size difference
reported in Hall and Rust (2003).

The tariff equivalent falls by half from 0.20 to 0.09.

5 Devaluations
1. A devaluation is a permanent increase in ω, with ∆ log(ω) = 0.5

2. AND a permanent increase in the interest rate, β = 0.71/12, an increase of 24 percentage
points.
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3. AND a drop in demand ν ∼ N(−0.15, σ2).

4. AND final output is y = ℓαm1−α and assume that w does not change. This means that the
cost of producing the final good does not fall one for one with the change in ω.

Increasing interest rates makes holding inventories even more expensive. Lowering demand low-
ers the target inventory rate. Lowering pass through will drive a bigger wedge between at the
dock prices and retail prices.

Figure 5. Pre-devaluation, spike in distribution at the reset point. Adjustment probability decreas-
ing in inventories. Firms do not seem to be holding too many inventories (or maybe a few are, but
they are lumped in the last bin?).

After the devaluation, the distribution shifts to the left and compresses. The qualitative features
look similar to the pre-devaluation figure. The increase in ω means firms will charge higher prices,
sell less, and hold smaller inventory levels.

All the firms holding inventories greater than about 2.5 when the devaluation hits will find them-
selves with too much inventory. This inventory will need to be run down in the transition, and
these firms will not need to order. This generates a large extensive margin response.

Figure 6, left panel. Focus on the ‘only relative price change’ lines (light colored). A big chunk
of the change in cost is passed through immediately. Compare to model where r increases. In
that case, the more expensive carry costs incentivize retailer to lower prices and shed inventories
faster.

Figure 6, right panel. Imports fall a lot as do the fraction of importers. Import volumes settle
into a lower level (the shock to ω is permanent) and the fraction of importers converges to a value
either slightly higher or lower than the original.

In the true devaluation model, the new level is lower than the old level. Demand is permanently
lower (cost and price are higher) so you order less.

In the benchmark model, holding inventories has also become more expensive (the interest rate
increases). This makes firms want to order more frequently.

——————
Alessandria, George, Joseph P. Kaboski, and Virgiliu Midrigan (2010). “Inventories, Lumpy Trade,

and Large Devaluations.” American Economic Review 100 (5), pp. 2304–2339.

Hall, George and John Rust (2003). “Middlemen versus Market Makers: A Theory of Competitive
Exchange.” Journal of Political Economy 111 (2), pp. 353–403.
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